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Abstract. The study of the phenomenon of electrical conduction has its origin in two historical
antecedents, Fourier's law and Maxwell's equations. The mathematical formulation of electrical
conduction has been extensively studied and the differential equations describing the
phenomenon are known. The mathematical solution of the physical model of electrical
conduction employs different techniques, the best known of which are the Fourier series, Grenn
functions and Bessel equations. The purpose of this research is to present a model of heat
conduction with the use of electric current that dissipates heat by convection. The research
proposes a method for solving the mathematical model associated with the conduction
phenomenon using linear algebra. The advantage of using linear algebra will allow to establish
a step-by-step procedure that could be used to study phenomena related to heat conduction, in
addition to allowing its implementation through programming. In order to establish the fit of the
method derived from linear algebra, the analytical solution and the solution proposed in the
research were compared to verify that the proposed method fits with a small error.

1. Introduction

The modeling of the laws of physics through the use of ordinary or partial differential equations has an
extensive use. The mathematical formulation of Newton's law [1] and its subsequent extension to
analytical mechanics is a remarkable example of the use of differential equations that today show an
important impact on engineering applications. The experimental development of the physical laws
governing electric and magnetic phenomena and the subsequent mathematical formulation of Maxwell's
equations [2] are a remarkable example of the use of partial differential equations to understand physical
phenomena.

The study of physical phenomena involving heat conduction and electrical effects has been widely
developed and the associated mathematical modeling is an area of great research activity [3]. In
particular, the study of analytical methods to study the solution of the heat conduction model by means
of an electrical source is a well-known topic [4-6]. The present research is relevant in the first place
because it proposes a mathematical model through the use of ordinary differential equations that allows
describing heat conduction in a metallic plate through the use of electrity, with the novelty of including
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the convective effect in the process [7]. Secondly, we propose a method for solving the mathematical
model of heat conduction with the advantage of using known concepts of calculus in several variables
and linear algebra, as well as facilitating its use through programming. Thirdly, the numerical solution
describes the temperature function with a degree of certainty that is quite faithful to the analytical
solution. Finally, the methodology for solving the differential equation can be extended by researchers
in related areas as well as serving as a tool in teaching applications of linear algebra methods to solve
engineering problems.

This research is part of a group of research related to the modeling of energetic phenomena carried
out by professors in the field of energy modeling in the mechanical engineering department of
Universidad Francisco de Paula Santander, Ocana, Colombia [8-10].

2. Mathematical modeling of one-dimensional heat diffusion and convective system

The modeling of a physical phenomenon from a mathematical point of view must be described in terms
of a set of differential equations that describe the variables involved. This section presents the
mathematical model that describes the process of heat conduction by the use of electricity in the presence
of the convection effect. The methodology for the search of the solution through the use of linear algebra
is then proposed.

2.1. Formulation of the mathematical model
The Equation (1) describes the one-dimensional heat conduction process in a solid steel bar as a
particular case of the energy equation associated with the heat transfer process [11].

d’T , q0T 1 _ (1)
e+ f(R) =0, R#0.

In the case that the geometry of the bar is a cylinder or a sphere, applying L'Hospital's rule in the
case R = 0 generates the Equation (2).

ET  1eR) = _ 2
1+ q)(Jle +kf(R) =0, R=0.
When the bar has a length L, the boundary conditions are represented in Equation (3).
T(0) =0, T(L) =Ty 3)

The convective effect [12] at R = L at an ambient temperature T, with a transfer coefficient g, is
given by Equation (4).

T + gnT(R) = gnT, at R=L, (4)

k

The complete Equations (1) to Equation (4) represent the mathematical modeling of the heat transfer
with electric current which generate energy by convection in a solid steel bar.

2.2. Linear algebra method for the heat conduction model
To generate approximations of the second derivative, the Taylor formula is used, which is represented
in Equation (5).

1
(n+1)!

T(x+E) = f(x) + f'()E + - + fO+D(x)EP+L, 5)

Using the Equation (5) to calculate the second derivative of the temperature generates the
Equation (6).
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n 1
T'(6) = @R)? (Tj—1(©) — 2Tj(0) + Tj41 (D). (6)
Substituting complete Equations (6) in Equation (1) we have complete Equation (7).
q q (AR)? o _
(1-2) T —2h+ (143) T + SF =0, (7)

where j = 1,2,...,N—1. When R = 0, the finite difference for Equation (2) is determined as
Equation (8).

2(1+ q)(T; — To) + &

=0, j=0. @®)

In the case that j = N, and eliminating the variable Ty;; in the complete Equation (4) and
Equation (7) generates the complete Equation (9).

2TN—1 - Z(XNTN + ZBN + GN = 0, ] = N. (9)

The parameters in Equation (9) are determinated by the complete Equations (10) to Equation (12).

ay =1+ (1+50) 75 (10)
_ 9 )\ AxgnTa

B = (14 55) 25 (1
Gy = &8 (12)

The complete Equation (7), Equation (8) and Equation (9) provides N + 1 relations for the the
determination of N + 1 unknown node temperatures determinated by the matricial system AX + b,
where the matrix A and the columns vectors X and b are defined by the complete Equations (13) to
Equation (15) in the case of N = 3.

—2(1+q) 2(1+q) 0

A=| 1-7 —2 1+, (13)
0 2 —2a,

To
X = <T1>, (14)

T,

fo(Ax)?

k
b= f@® | (15)

k

2B, + G,

3. Results and discussion

In order to verify the solution of the previous section for the mathematical model of conduction, we
consider the heating by an electric current of a metal plate with circular shape that dissipates heat on the
surface by convection. The parameters of the physical phenomena are R = 0.8 cm, N = 8, q = 2, the
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thermal conductivity constant k = 40 %"C, the energy generation rate f = 2000000 %, the heat
transfer coefficient gy = 400% °C and the ambient temperature T, = 30 °C. Substituting the above

values into the complete Equation (7), Equation (8) and Equation (9) gives the system of Equations (16)
to Equation (17).

1 1
(1—;)7}_1—2Ti+(1+;)7}+1+5=0, (17)
T, — 1.1125T, + 5.875 = 0. (18)

The previous system of equations can be represented in its matrix form AX + b = 0. The exact
solution [13] of the complete Equations (1) to Equation (4) are defined in Equation (19).

- (5]

The Table 1 shows the results of the plate temperature for different positions from the center of the
plate. The results of the exact solution, Equation (19), and the solution of the system of Equations (16)
to Equation (18) are the same compared.

Figure 1 shows a comparison of the interpolation plot of the data in Table 1 and the exact solution of
the mathematical model of heat conduction by electric current.

T(R) = %+% (19)

220

Table 1. Linear algebra solution . w\\:\
of conduction model. .
R Exact and linear algebra - \‘l\
L solution 4 N
0 216.6667 i
0.1 215.8333 ™~
0.2 2133333 L W
0.3 209.1667 -
0.4 203.3333 170
0.5 195.8333
0.6 186.6667
0.7 175.8333 ' ' " spacem ' ' '
0.8 163.3333 Figure 1. Contour of temperature with the

method of linear algebra and exact solution.

From Table 1 and Figure 1 it is possible to conclude that the method proposed in the present research,
which is derived from linear algebra tools, fits very well in comparison with the exact solution of the
mathematical model presented in the Equations (1) to Equation (4). The proposed method for solving
the heat conduction model is suitable to be applied to physical phenomena with similar mathematical
modeling. A set of mathematical models suitable for applying the solution method described in the
research will be listed below. A transient heat conduction in a fin [15] is described by de mathematical
model in Equation (20).

2
a—T—mZ(T—Ta) =16_T

0x2 o at’

(20)

The equation governing heat transfer in liquid crystals [16] is the Equation (21).
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0°T 10T 1 T _ -Q(®)

9x2 ' rar Dot K (21)

The experiment to measure the process of heat flow in two dimensions [17] are described by the
Equation (22).

T 1 o2 _
Cp 32— kV2(T) = 0. 22)

Differential Equations (20) toEquation (22) describe physical phenomena in which it is possible to
apply the tools of linear algebra developed in the research.

4. Conclusion

The methodology to solve the heat conduction model with convective effects consists of substituting the
first and second order derivatives by their equivalent Taylor approximation. The effect of substituting
the approximations in the mathematical model resulted in the generation of a system of equations that
can be solved by linear algebra methods. This approach had the positive effect of fitting the exact
solution very well. We propose that the above methodology can be applied to different differential
equations.
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