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Abstract. Thermodynamics can be understood as the discipline of the physical sciences, that
studies theoretically and practically the different manifestations of energy. The study of
thermodynamics is important in relation to the understanding of thermal systems in industry, as
well as, supporting energetic processes in living organisms. In relation to the study of energy
processes in the context of heat transfer, concepts from thermodynamics are relevant. In the
present investigation, the process of heat conduction in a metal bar is analyzed by applying the
heat equation and the concept of entropy variation. The first part of the research proposes a
numerical method to solve the heat equation in addition to a set of finite difference equations
describing the energetic behavior of the system. The numerical solution of the heat equation and
the thermodynamic behavior of the system are studied by programming to demonstrate the fit of
the results with the theoretical models. Finally, applications of the achieved results in engineering
contexts are discussed.

1. Introduction

The field of physics responsible for the measurement of energetic processes is thermodynamics. The
study of thermodynamics is important in relation to the understanding of thermal systems in industry,
as well as, supporting energetic processes in living organisms [1]. The development of quantitative and
qualitative qualities of heat conduction from the perspective of thermodynamic properties has been
widely developed [2]. The analysis of energy effects derived from heat conduction in most applications
uses mathematical models derived from the classical thermodynamic theory [3,4] by contrast numerical
techniques for research on energy are important in recent years [5].

This research looks into the application of numerical methods to study the phenomenon of heat
conduction in a metallic bar in a transient state to prove the stability of the system through the use of the
entropy equations [6]. The benefit of the method proposed in the research will prove to be useful in the
case of heat conduction in bricks. The research first of all proposes the method of solution of the heat
equation and the derivation of the energy analysis equations. Secondly, using a computer program, the
results are analyzed in comparison with the theoretical data to prove the accuracy of the proposed
approach.
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2. Mathematical modeling and entropy conservation

The description of modeling the energetic process in heat conduction is described firstly through the
approach and solution of the heat equation and finally the application of numerical methods to generate
the energy conservation equations.

2.1. Formulation of the mathematical model

The law of conservation of energy [7] describing the behavior of heat flow in regions of space is
represented by the Equation (1), where c is specific heat, p is density and W is temperature.

d .
m JrepWdV = — [ div ¢pdV + [ fdV. (1)

Applying Fourier’s law and the principle of continuity [7] to complete Equation (1) produces the
heat Equation (2).

MW _ 2 2%
=N )
The function W (X, t) represents the temperature in the bar, where x is the position and t the time. The

constant A represents the thermal diffusivity of the bar. Taylor’s theorem [8] applied to the temperature
function guarantees the Equation (3) and Equation (4).

W(x+h) = W) +h¥' (%) + Zh2W" (x) + -, 3)
W(x—h) = W(x) — h¥'(x) + s h2W" (x) + -+ 4)
Addition of complete Equation (3) and Equation (4) gives the Equation (5).
Y(x+h) +¥(x—h) =2¥(x) + h?¥"(x). (35)
From Equation (5), the representation of W'’ is defined in the Equation (6).
P’ (x) =1/h? [P(x+h) —2¥(x) + ¥(x — h)]. (6)
Subtraction of complete Equation (4) from complete Equation (3) gives Equation (7).

W' =~ [P(x+h) - W(x—h)]. (7)

Suppose that the metal bar of length L is divided into N equal parts of size Ax = %, substituting the

complete Equation (6) and Equation (7) into the complete Equation (2) generates the discrete version of
the heat equation formulated in Equation (8).

wittowp )\lp}l—l_zq’irl+w?+1 (8)
At (Ax)?

It is possible to prove that the solution of the heat Equation (8) is equivalent to solve a system of
equations of N equations with N unknowns [9]. The system is represented by the Equation (9).

Pt = ppl 4 (1 - 2090 4+ 1. )
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2.2. Entropy conservation

Equation (2) is not invariant for the substitution on time t and it describes an irreversible process. The
main characteristic of irreversible processes is the approach to a steady state when the time is too long
[6]. In the case of the physical phenomenon of heat transfer in a metal bar, physical experience shows
that the transient state converges to the steady state [10]. Using the hypothesis that the bar can be divided
into N — 1 parts then the entropy production for each part i is defined by the Equation (10).

dE; =t (1=1,2,..,N- 1), (19)

where E and S are the entropy and energy of each part.
... dE. . L
The entropy variation s the sum of two parts, the internal entropy variation and the external entropy
variation, the Equation (11) summarizes this behavior (6).

dE _ diE | deE
L

dat  dt dt’ (1)

In order to define a mathematical expression to calculate the amount of entropy in each region, it is
necessary to calculate a mathematical expression involving the complete Equation (11) together with
the temperature function . For this reason, the Equation (12) and Equation (13) allows to represent the

.. . S . Ak
variation of entropy inside and outside in terms of the temperature ¥ function and the rate of change "~
of heat flow in each of its parts [11].

d;E Ak — 1 1

Ae = o Zico (P — WD) (Lp{lﬂ - q,—?), (12)
deE _ _ Ak 1 _ Ak 1 _
at - axw, (P1 — %o) +— vy (Pn — Pn-1)- (13)

Relating the heat flow and Fourier's law leads to the continuity Equation (14) in each part of the
metal bar.

S = kv, (14)

Comparing the complete Equation (2) and Equation (14) generates the Equation (15) relating entropy
to temperature function [11].

dw} A
ot = g (Wi — WD = (B = W)L (15)
3. Results and discussion

Suppose a 10 cm metal bar is placed in a heat source where the temperature at the ends is 320 K and
200 K respectively. The initial temperature inside is 200 K, A = 1.1 cm?, specific heat k = 1.1 cal,

p=108 %, and c = 0.03 g%l(. By designing a computer program to solve the system of Equation (9),

it is possible to calculate the temperature of the bar by simultaneously varying positions and time.

Figure 1 shows the behavior of the temperature profile; from the behavior of Figure 1 it is possible
to conclude that the bar temperature tends to stabilize around a linear function. Experimental data in
combination with theoretical heat transfer models [12] show that in steady state, heat conduction is a
linear function. Therefore, the results generated in Figure 1 are as one would expect. Figure 1 aims to
establish that heat conduction energy change in the metal bar tends to stabilize.
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Likewise, by complementing the computer program, that generated Figure 1, with the Equation (12),
Equation (13), and Equation (15), it is possible to establish the energetic behavior of the physical
phenomenon of heat conduction in the metal bar. Figure 2 shows the entropy balance (yellow curve)
generated under the equation by adding the internal entropy variation (blue curve) in addition to the
external entropy variation (red curve).

From the observation of the entropy balance function (yellow curve) it is possible to observe that the
function tends to zero, which guarantees that the system tends to a stable state. In addition, from the
external and internal entropy functions represented in Figure 2, by the red and blue curves, it is possible

dE
dt
entropy production [11] the system tends to the steady state.

The analysis of the experimental data taken at the Ladrillera Ocafa, Colombia, [13] allowed to
demonstrate by mathematical arguments the behavior of the calculated temperature in the bricks is
shown in Figure 1. Therefore, the thermodynamic analysis of the research can be extrapolated to the
case of heat transfer at the Ladrillera Ocafia, Colombia.

to conclude that the equality O:;—f = - is true. Therefore, by applying the theorem of minimum
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Figure 1. Contour of temperature with the Figure 2. Entropy balance with the numerical
numerical method. method.

4. Conclusion

The energetic behavior of the heat conduction phenomenon in a metal bar was studied in two stages. In
the first one, by means of a numerical method that calculated the temperature of the metal bar varying
position and time. The numerical results showed that as time increases the temperature tends to a linear
function in harmony with experimental and theoretical results. In the second part through the study of
the energy balance equation, by means of numerical methods, it was concluded that the system tends to
a steady state by using the theorem of minimum entropy production.
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